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TRACT

consider the following problem. Suppose n jobs have to be processed on
achine which can handle only one job at a time. For each job we have a
ed processing time and a cost function which is non-decreasing in its
ishing time. We want to find a schedule that minimizes total costs.
After reviewing the relevant work done so far on this problem, we
sent a new algorithm for a general cost function. The algorithm is

ted for the well known case of a weighted tardiness cost function.

'E

s report is not for review. It has been submitted for publication in a
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YTRODUCTION

n
~ocessed on a machine which can handle only one job at a time. Each

snsider the following problem. Suppose we have n jobs JT""’J , to

7. (i = 1,...,n) takes p; time-units to be processed. With each job
i=1,...,n) is associated a non-decreasing cost function ci(t), rep-
1ting the cost incurred if Ji finishes at time t. Any processing sched-
leads to a finishing Fime ti for Ji (i = 1,...,n). We want to find a
jule that minimizes Zi;? Ci(ti)'
Various special cases corresponding to specific cost functions have
studied in the past. Below, we shall briefly review the relevant work
so far, before introducing a new and completely general branch-and-
d algorithm to solve the problem described above. To test the computa-
al efficiency of the algorithm, we consider the well known case of a

hted tardiness cost function and compare the algorithm's performance

hat of an algorithm specifically designed for this cost function.




PREVIOUS WORK

1e above-mentioned problem has been solved efficiently only for the case

-

> a linear cost function

ci(t) = ai(t - di). (1)

iterpreting d. as a due-date for Js (i =1,...,n), we see that (1) represents
1e weighted lateness criterium. Putting d; = 0 for all i gives the weighted
cowtime criterium; also included are the special cases of average lateness
\d average flowtime where a; = 1/n for all i. Smith [20] proved that all
lese problems are solved by processing the jobs in order of increasing
./ai ratio.
Apart from Schild's and Fredman's work [18] on a quadratic cost func-
oon and dynamic programming formulations for the general problem by Held
id Karp [12] and Lawler [14], most researchers have concentrated on the

1ighted tardiness cost function

ci(t) = o, max{0,t - di} (2)

lich includes the average tardiness criterium as a special case with

= 1/n for all i. The attractiveness of (2) as a cost function is due to
Le fact that is seems economically realistic to introduce cost functions
(t) that become effective only if Js finishes after its due-date d;. Also,
') looks relatively simple from a computational point of view.

However, finding an optimal schedule with respect to (2) has proved to
~a very difficult task. The problem is included in Karp's list [13] of
'oblems that are expected not to be solvable within an amount of time that

polynomial in the number of input parameters. This indicates that an
'‘ficient general solution method is not likely to be found. It is there-
re not surprising that all methods so far seek to find the optimal sched-
e by implicitly enumerating the large, but finite set of feasible sched-
es. Two main approaches can be distinguished.

The first one relies heavily on so-called elimination criteria. Appli-
tion of these criteria may show that a certain job necessarily precedes

© follows one or more other jobs in at least one optimal schedule. By




-mining as many of these precedence relations as possible, a number
sasible schedules can be eliminated. The collection of remaining sched-
, containing at least one optimal one, is either explicitly enumerated
nplicitly enumerated by dynamic programming or simple branch-and-bound
>ds. The best example of this first approach is given by the work of
1s [8] on the average tardiness problem. The fact that all weights are
1 facilitates the development of powerful elimination criteria.
1s' criteria were successfully implemented by Srinivasan [21], who
dynamic programming to enumerate the schedules that could not be elim-
ed.
For the weighted tardiness cost function and a fortiori for the com-
ely general cost function, no really powerful elimination criteria have
found so far. The other approach has therefore been to rely in the
t place on efficient implicit enumeration methods of the branch—and-
d type and to use at most a few simple elimination criteria. A good
ple of this approach is Shwimer's work [19] on the weighted tardiness
lem. We shall return to Shwimer's algorithm below.
In general, the performance of branch-and-bound algorithms has been
er disappointing. Baker and Martin [1], who compared a rumber of
age tardiness algorithms, concluded that this was due to the fact that
lower bounds developed until then were not very satisfactory. Only one
wo jobs out of a subset of jobs on the processing costs of which a
r bound was sought, actﬁally contributed to this lower bound. The lower
d presented below at least does not suffer from this defect.
The present state-of-the-art in both average and weighted tardiness
duling is such that problems with 12 or 15 jobs may already present
re computational problems. No algorithm for a general cost function has

. tested on a large scale so far.




. A NEW ALGORITHM

1 what follows we shall present a new branch-and-bound algorithm for a
s:neral cost function. In section 2.1 we outline the enumeration scheme,
sctions 2.2 and 2.3 introduce some elimination criteria and remarks on
1eir implementation, and in sections 2.4. and 2.5 the lower bound and it
nplementation are discussed.

For the sake of an easy notation, we define
P(Q) = L q s

r any Q € {1,...,n}.

.1. Enumeration scheme

1e enumeration scheme that we shall use fills a schedule from back to

~ont (cf. [14]). This is possible because it can be proved [L,17] that
1lere always exists an optimal schedule without gaps (i.e. machine idle
ime). The total time needed to process a set of jobs can therefore be

stermined in advance and is independent of the processing order.

We create a search tree as follows. From the root node, where no job
iwve been scheduled, we branch to n different nodes on the first level,
ich node corresponding to a specificvjob being scheduled in the n-th
>sition. Each of these nodes leads to n-1 new nodes on the second level,
srresponding to one of the remaining n-1 jobs filling the (n-1)-th posit
s (with
"< {1,...,n}) of jobs, that in a given order fill the (n - [S'| + 1)-th

More generally, each node is characterized by a set {Ji}i

> the n-th position in the schedule. Denoting {1,...,n} - S' by S, IS| n

~anches are created by successively placing each job J. (r € S) in the

5|-th position of the schedule. This job then runs from P(S) - p,. to P(s
The n! nodes on the n-th level of the search tree represent all the

>ssible processing schedules.




Elimination criteria

ach node, characterized by a set {Ji}ie of unscheduled jobs, we try to

y elimination criteria, based on the thzorems in this section. Through-

our theorems hold for general non-decreasing cost functions; the impli-
ons for the special case of weighted tardiness functions are formulated
orollaries.

Suppose that we have found that there exists an optimal schedule where-
for i € S, the set {Jhlh € Bi} precedes J. and the set {Jh|h € Ai} fol-
k" implies that j € B, and
Aj. In the following, we restrict ourselves to schedules which satisfy

J Any established relation "Jj precedes J

precedence constraints, defined by B, and A, (i € 8).
REM 1. If for two jobs Jj and Iy (j,k € 8) we have

c.(t) - Ck(t) is a non-decreasing function of t on the interval

(P(B,) + pk,P(S—Aj)), and

pj < Pk:
we only have to consider schedules whereby Jj precedes Ty

Proof. Consider any schedule whereby Jk precedes Jj' Denote by C the
ting time of Jk and by D the finishing time of Jj' Compare this sched-

with the schedule obtained by interchanging J, and Jj (see Figure 1).
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k ]
[ h&&NNNN, A ]
3 N
[ \) NN ]
C D
Figure 1

contribution to total costs by all jobs except Jk decreases or remains

same, as can be easily checked. As to Jk’ it follows from

P(Bk) +p, <C+p <DS P(S—Aj) (3)

condition (a) that

c.(D) - c (D) = cj(C+pk) - ck(C+pk). (hf

J k

use of condition (b), we have

cj(C+pk) > Cj(C+pj). (5)




ler, (4) and (5) imply

(D),

>
c.(D) + Ck(C+pk) > cj(C+pj) + oy

J
means that the joint contribution of J. and Jk to total costs also
\ses or remains the same. (Q.E.D.)

‘emark. If both cj(t) and ck(t) are continuous and almost everywhere
‘entiable on (P(Bk) + pk’P(S—Aj))’ then condition (a) is trivially
led if dcj(t)/dt > dck(t)/dt for every t e (P(Bk) + pk,P(S—Aj))
both derivatives are defined.

ARY 1.1. If ci(t) = a; max{0,t - di} for all i, and if for two jobs

! Jk (j,k € 8) we have

dpo
2 o,
< pk’

IN

and

e only have to consider schedules whereby Jj precedes Iy

'roof. We can apply Theorem 1 with Bk

4 (b) imply that cj(t) - ck(t) is non-decreasing on the interval
) (see Figure 2). (Q.E.D.)

= Aj = @. Clearly, conditions

0 dj dk t
Figure 2

ARY 1.2. If'ci(t) = a; max{0,t - d.} for all i, and Zif for two jobs

' Jk (j,k € 8) we have

P(Bk) + Pk:
and

IN

\

OLk,
< Pk:

e only have to consider schedules whereby Jj precedes S

roof. Condition (a) implies that cj(t) > 0 for t > P(Bk) + p,, and it

's from condition (b) that cj(t) - ¢, (t) is non-decreasing on the

k
ed interval. (Q.E.D.)
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HEOREM 2. If for two jobs Jj and S (j,k € S) we have
a) ¢, (P(B,) + p.) = c (P(S-A,) - p, ), and
b) c.(t) - ck(t) is a non-decreasing function of t on the interval

(P(S—Aj) - pk,P(S—Aj)),
-hen we only have to consider schedules whereby Jj precedes Iy

Proof. Clearly, conditions (a) and (b) imply that cj(t) - ck(t) is non-
lecreasing on the interval (P(Bk) + pk’P(S_Aj))’ so in the case that P; <P
7e can apply Theorem 1. Suppose now that pj > pk. Again, consider any sched-
1le whereby Jk precedes Jj’ denote by C the starting time of Jk and by D the
*inishing time of Jj' Compare this schedule with the schedule obtained by

utting Jk directly after Jj (see Figure 3). The contribution to total costs

J J.
k J
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Figure 3

by all jobs except J{ decreases or remains the same. As to Jk’ it follows

k
from

P(Bk) +p <C+p <D-p < p(s_Aj) -,

and condition (a) that
ck(D—pk) = ck(C+pk).
Because of condition (b), we have

cj(D) - ck(D) > cj(D—pk) - Ck(D—PK)' (7)

Together, (6) and (7) imply

cj(D) + Ck(C+pk) > cj(D—pk) + ck(D),

which means that the joint contribution of Jj and Jk to total costs also

decreases or remains the same. (Q.E.D.)




LARY 2.1. If ci(t) = a; max{0,t - 4.} for all i, and <f for two jobs
d 3, (i.k e 8) we have

K P(S-Aj) = Py

; < dk’ and

« 2 O
J k
we only have to consider schedules whereby Jj precedes Iy

(P(B ) + Pk) = Ck(P(S-AJ') - Pk):
k

v

Proof. Condition (a) implies that cy .
t follows from conditions (b) and (c) that cj(t) -
ing on the interval (0,P(S)) (see Figure 2). (Q.E.D.)

EM 3. If for two jobs Jj and Iy (j,k € 8) we have

(t) is non-de-

e, (P(By) + p) = ¢, (P(5-A.)), (8)

we only have to consider schedules whereby Jj precedes I

Proof. We can apply Theorem 2, since its conditions (a) and (b) follow
(8). (Q.E.D.)

LARY 3.1. If ci(t) = a; max{0,t - d;} for all i, and 1f for two jobs

d I (j,k € S) we have

4 = P(S—Aj),

we only have to consider schedules whereby Jj precedes Iy
EM L. If for a job Iy (k € S) we have

e, (p,) = ¢, (B(5)), (9)

we only have to considér schedules whereby Jk comes last among the

in S.

Proof. Condition (9) implies (8) for all j € S, so we can apply Theorem

k) with j € S - {k}. (Q.E.D.)

LARY L.1. If ci(t)
e 8) we have

each pair (Jj,J

oy max{0,t - di} for all i, and if for a job

>
dk > P(S),

we only have to consider schedules whereby J, comes last among the

in S.

Corollary 1.1 can be found in Shwimer [19]. Corollaries 1.2 and 2.1 are
ded versions of Theorems 1 and 2 of Emmons [8]. Our proofs, however,
onsiderably simpler than the original ones. Corollary 4.1 is also known

maghraby 's Lemma [T].
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2.3. Implementation of the elimination criteria

The main problem arising with the implementation of a number of elimination
criteria is the possible creation of precedence cycles: it is perfectly
imaginable that two theorems contradict each other. The nature of our
theorems and corollaries, however, is such that applying them successively,
while guarding against precedence cycles, will always lead to a collection
of schedules containing at least one optimal one. We avoid the creation of
precedence cycles by immediately constructing the transitive closure of
each precedence relation "Jj precedes Jk" that we find: then

Ai:= Ai u {k} u Ak for every i € {Jj} u Bj and B := B,  u {j} u Bj for every

'3 %

2 e {k} v A . If we furthermore restrain ourselves to examining pairs (2,1)

between which no relation has been found so far, we can never find a prece-

dence cycle. For if we found that ”J2 precedes Ji” and if it then turned out

that j € B, for some J € Ai’ k € BQ, then we would have set £ € Ai’ 1€ BQ

in a previgus stage and therefore would not have examined this pair anew.

In the case of general cost functions we can apply Theorems 1 to L in
every node: the set S decreases and the sets Ai and Bi increase in size as
we progress through the search tree. In the case of weighted tardiness func-
tions we apply Corollary 4.1 in every node, whereas Corollaries 1.1, 1.2,

2.1 and 3.1 are only used in the root node with S = {1,...,n}. Theoretically,
Corollaries 1.2, 2.1 and 3.1 could be rechecked in every node, but the ad-
vantages of doing so are in this case outweighed by the disadvantages of
complicated and time-consuming bookkeeping.

Corollaries 1.1, 1.2, 3.1 and 2.1 are now implemented by running through
them in this order, while keeping in mind the above remarks, and repeating
this process until no further improvements are possible. If after this pro-
cess the earliest possible finishing time P(Bk) + Py of a job Jk is larger
than its due-date dk’ then this due-date can be set equal to P(Bk) + P
thereby incurring costs uk(P(Bk) + P - dk) and increasing the chances on
application of Corollary k.1.

The latter corollary is checked in every node. To avoid contradictions
with the precedence relations, found previously by the other corollaries, a

total ordering has to be constructed from this partial ordering. Each pair

of jobs (Jj’Jk) is ordered by a precedence relation from the partial order-




ng, or else by increasing min{h|h e {i} u Ai} (i = j,k). On entering a
wode, we then check if the last unscheduled job in this total ordering sat-
sfies the condition mentioned in Corollary L4.1.

It seems useful to point out that precedence relations that are
t priori given can now be dealt with in an obvious way, broadening the

icope of possible applications of our algorithm.

*.4. Lower bound

suppose again that a subset {Ji}ieS' of jobs fills the (n - |S'] + 1)-th

.0 the n-th position in the schedule and that the subset {Ji}ies with

s = {1,...,n} - S' remains to be scheduled. A lower bound LB on the costs

yf all possible schedules in this node will have the form
IB = c(s') + LB, (10)

here c(S') denotes the known total costs incurred by the jobs in {Ji}ies'

nd LB* is a lower bound on the total costs of scheduling the jobs in
Tities

To compute LB*, we put m = |S| and renumber the Jjobs in {Ji}ies from

up to m. Our lower bound is now based on the observation that, if

in the period from 0 to P(S).

P, =P, = .-+ =P =D,
n optimal schedule for {J1,...,Jm} can easily be found as follows

cf. [14]). Defining
Cij = Ci(Jp),

n optimal schedule =*

with minimal total costs is given by the solution

o the following linear assignment problem:

. J=m
01 L C /ey 11
Iﬂ,"nﬂ ‘J=1 'TT(J),J, ( )
here m = (n(1),...,7(m)) runs over all permutations of {1,...,m}.
If not all p; (i =1,...,m) are equal, an optimal schedule cannot be

btained so easily, but the above idea can now be used to compute a lower

ound. This can be done in two ways.




15

Assuming all p, are integers, we can find their greatest common divisor
and treat each job Ji as a sequence of pi/g new jobs of equal length g.
he problem, originally given by (11), now becomes a (P(S)/g) x m linear
ransportation problem, that produces a lower bound if we succeed in defin-

ng appropriate cost coefficients Cij' For the case that

c.(t) = a. max{0,t - 4.} + B.t,
i i i i

elders en Kleindorfer [10,11] have developed suitable cost coefficients.
hree problems remain with this approach.

(1) Generally, the optimal solution to the transportation problem
nvolves job splitting (preemption), giving an infeasible schedule. Provi-
;ions must be made for this.

(2) As the greatest common divisor g of all p; will usually be equal
0 1, the size of the transportation problem tends to be very large. It
hen becomes practically impossible to solve this problem in every node
igain.

(3) It seems to be difficult to define effective cost coefficients for
L general cost function ci(t).

For the above reasons, we prefer a different approach, which basically
s0ils down to redefining the cost coefficients for the mxm assignment prob-
_.em, so that cij becomes a lower bound on the cost of putting Ji in the
i-th position in the schedule. To accomplish this, we compute the earliest
yossible finishing time tij of job Ji,if we put Ji in the j-th position in
-he schedule and if we observe the precedence constraints, given by Bi and

Xi. Using the notation

R.(k) = min, P(Q|Q c {1,...,m} - (B,u{i}uA,),lal = k),

1 Q
:ij is given by
ij " P(B,) + p; * R - B I - 1)
for |Bi| <3< {1,...,m} - Ail’ as can be easily checked. Redefining
o { ci(tij) for |Bi| < j< H{1,...,m} - Ail
1 © otherwise,

and using these cost coefficients in problem (11) now gives the desired

lower bound LB*. This is easily proved as follows. If an optimal schedule




‘or our original problem is given by a permutation m* with minimal costs
({1,...,m}), then certainly

J=m

5= <c({1,...,m}) (12)

m*(3)J
yecause of the definition of cij and the fact that ci(t) is non-decreasing.

le also have

* J=m
LB < oy Crx(5)5 | (13)

)ecause T* is a feasible solution to problem (11). Together, (12) and (13)

.« . *
mply the validity of the lower bound LB .

'.5. Implementation of the lower bound

uppose we are now in the following situation. In the current node a lower
ound LB has been computed, and the jobs in the set {Ji|i € 5,9 n Ai = (¢}

re candidates for the m-th position in the schedule. Choosing any of them
eads to a new node in the search tree. Fortunately, we can do better than
olving ab Znitio the assignment problem in each of these descendant nodes,
y exploiting the solution to the assignment problem in the current parent

ode. This problem is given by (11) and can be reformulated as

.. i=m ¢j=m
minimize . . c.. X..
1=1 £3=1 "1 "1]
. Jj=m - _—
subgect to Zj=1 Xij 1 for 1 Tyeso M, (14)
i=m _ .
2i=1 Xij =1 for J = 1,0..,m,
Xij >0 for i,j = 1,...,m.
ts dual problem is given by
.. i=m J=m
. .+ . .
maximize 21=1 us ZJ=1 vJ
subject to u, + vj < Cij for i,j =1,...,m.

. . * .
n optimal solution to these problems has the value LB and is denoted by
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c;.) and (uz,vg), respectively. The value of the best schedule found so
ir is denoted by UB and gives an upper bound on the costs of an optimal
chedule.

In the parent node, we can with little computational effort obtain a
>wer bound LBr on the costs of scheduling job Jr in the m-th position.

1e costs of the scheduled jobs are equal to

c(s'ulr}) = c(8') +c . (15)

ne costs of the remaining jobs can be bounded. from below by the solution
5 the assignment problem which arises from (14) by removing the r-th row
nd the m-th column. Since (uf,v*). is a feasible dual solution to

jli#r,J#m
his problem, the optimal solution is not smaller than

. * 4, * = 1B - uf - v,
Xl*r u¥ §J¢m Vi LB w - v (16)
ombining (10), (15) and (16), we define

IB =IB+c -uf-v* > LB.
r rm r m

learly, any potential descendant node for which LB, 2 UB can be eliminated.
From the remaining candidate jobs a job Jr with minimal LBr is sched-
led in the m-th position, and we start to explore the corresponding
escendant node. Application of the elimination criteria in this node may
ncrease LBr' For example, if in the case of a weighted tardiness cost func-
ion a job Jk is scheduled in position m-1 by application of Corollary h.1,

hen we have c = 0 and LBr can be replaced by

k m-1

L S
LBr uk vm_1 = LBr'

lowever, if this new LBr does not lead to elimination of the node, we have
o solve its assignment problem. Indexing the jobs as in the parent node,
nd considering only indices which correspond to unscheduled jobs or un-
illed positions, we can still profit from the optimal solution to the
\ssignment problem in the parent node in the following ways.

(1) (x;.) is a partial (i.e. possibly non-feasible) solution to the
lew assignment problem and can serve as a starting point for finding an

»ptimal solution.




(2) It is easily seen that, if we pass from the parent into the
'scendant node, the earliest finishing times ti. will not decrease, neither
11 the cost coefficients Cij' So (u;,vg) is a feasible dual solution to
le new assignment problem.

(3) If our assignment algorithm requires that these initial primal
«d dual solutions are orthogonal, i.e.

ur o+ vy o= c.. if x¥. > 0,
i J ij ij

len this can be achieved by resetting X;j = 0 only if

*
u; + VE < c.. and xT. = 1.

iy 1]

Solving the new assignment problem may lead to elimination in two ways.
(1) If our assignment algorithm yields a sequence of non-decreasing
asible dual solutions (ui,vj), then we can eliminate the node as soon as

S') + Tu, + Zvj > UB.

(2) In general, we can eliminate the node if the value of the optimal
lution to the new assignment problem is not smaller than UB.

The above discussion suggests an alternative bounding mechanism. By
lving an assignment problem only in the root node, we can compute lower
unds throughout the whole search tree by means of sums of appropriate
al variables. In fact, this idea has been implemented by Gelders and
eindorfer [10,11]: it is simply not feasible to find a new optimal solution

their large transportation broblem,in every node again. However, we
jected this approach, and our computational results point out that even
r sharper bounds may lead to quite large search trees for problems of a
derate size.

The question now arises which algorithm has to be used to solve the
signment problems. Such an algorithm should be fast, and should yield
dual solution in order to prune the search tree at an early stage.
eferably, it should be able to use any initial solution on which no
ecial requirements are imposed, such as being orthogonal or, even worse,
ing basic. Finally, it ought to supply a sequence of non-decreasing
asible dual solutions, so that we can eliminate the current node without

ving solved the assignment problem completely. Among known primal
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lgorithms, Beale's algorithm [2] and the well known stepping-stone

lgorithm [3] deserve serious consideration. The Hungarian method [9] is a
:presentative example of a mixed primal-dual algorithm, whereas Dorhout's
lgorithm [5] represents a dual approach to the problem. Table I indicates

1e quality of these four algorithms with respect to the desirable properties

;ated above.

TABLE I
PROPERTIES OF ASSIGNMENT ATLGORITHMS
roperty Algorithm
Stepping- Beale |Hungarian| Dorhout
Stone
astness (ef.[5]) o 0 - +
ual solution + - + +
o requirements on initial solution - + o o
ncreasing feasible dual solutions - - + +

After some experiments with Beale's method which has the serious draw-
ack of not producing dual solutions, we settled for Dorhout's algorithm,
aich can be considered as a synthesis of ideas proposed by Tabourier [22]
2@ Tomizawa [23]. Essentially; the algorithm works on a complete bipartite
raph G = (S,M,T), where the vertex sets S and M correspond to the sets of
ascheduled jobs and unfilled positions in the current node, respectively;
ach edge e . € I (i € S,J € M) has a weight Vi = ¢5 " u, - vj. The
lgorithm starts with a feasible dual solution (ui,vj) and a partial primal
olution (xij), orthogonal to the dual one. The partial solution (Xij)
sfines a matching on G. The algorithm takes any exposed vertex i € S as
tarting point and constructs the shortest augmenting path from i to the
carest exposed vertex in M, using Dijkstra's shortest path algorithm [61].
aving found such a path, it augments the matching, and changes the dual

olution in such a way that its feasibility is maintained and the orthogo-

ality is restored.
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3. COMPUTATIONAL EXPERIMENTS

3.1. Tested algorithms

As announced before, we tested our general method on the well known case of
a weighted tardiness cost function.

As a comparable alternative approach, we also tested Shwimer's algo-
rithm [19] for this cost function. His enumeration scheme is equivalent to
ours. He applies only two elimination criteria, formulated here as Corol-
laries L4.1. and 1.1. His lower bound tries to eliminate potential descen-

dants in the parent node; instead of LBr he uses

LB; = c(S'u{r}) +

+ min.

sty mROR(-(rD)-g) # miny g ta 3T (8-(m,iD ),

where TmaX(Q) denotes the minimal maximal tardiness over all possible sched-

ules of the set {Jh} found by ordering these jobs according to increas-

s
ing due-dates (see [Ef??]). It is clear that Shwimer's bound can be computed
much quicker than our bound LB, but that only two jobs really contribute to
its value. Moreover, Shwimer's bound depends explicitly on a property of the
tardiness function. It is possible to find the minimal maximal cost incurred
by a set of m-1 jobs for a general cost function due to a device of Lawler
[15], but the number of operations then increases from O(m loggm) to O(mg).
As a third, cruder approach, a lexicographic enumeration algorithm
(cf. [16]) was tested. This method enumerates schedules in the way described
in section 2.1, always choosing Jr such that dr is maximal over all remain-

ing candidates in {Ji}i Corollary 4.1 can then easily be applied; no

eS’
other elimination criteria have been incorporated. Also a simple bounding

mechanism is used, with
LB; = c(s'u{r}).

For a more general remark on the possible use of such a quick complete enu-

meration method, we refer to section L.
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.2. Testproblems

» shall now describe in detail the way in which we generated random data

1 which to test these three methods. The reasons for this detailed approach
i1l become apparent as we proceed.

Given the number of jobs n, each problem is completely specified by
n values (pi,di,ai), i=1,...,n. These values correspond to processing
imes, due-dates and weights, respectively. We regard the n triples as a
hree-dimensional sample from a joint distribution with density function

(x,¥,2).
Tn all our tests, the third random variable o is independent of p

nd d. We have

£(x,y,2) = fpd(x,y) fa(Z),

here o is uniformly distributed over the interval (L.5, 15.5).

In what follows, we shall introduce four parameters that determine
‘pd(x,y) and that we believed a priori to be of possible influence on any
lgorithm's performance. In fact, three of them are already mentioned as
uch by Srinivasan [21] and Baker and Martin [1]. Their work indicates that
he choice of a particular function may have a strong influence on the
erformance of any tardiness algorithm in a way that may be characteristic
'or the algorithm in question.

The first parameter measures the correlation between p and d, o(p,d).
t is intuitively plausible that there may be a significant difference
)etween problems where longer jobs tend also to have later due-dates, and
yroblems where there is no correlation whatsoever. If o, = 1/n for all i,
hen a problem with perfect correlation can be trivially solved by
rdering the jobs according to non-decreasing d. (see Emmons [8]). To

nvestigate the influence of correlation we use two different sorts of

*unctions fpd(x,y). Either
fpd(x,y) = fp(X) fd(y),
in which case p and d are independent random variables and o(pﬁg) = 0, or

£ (x,y) = £ (x) £, (yIx),

pd P dlp




n which case the due-date generated depends explicitly on the processing
ime and p(p,d) depends on the particular form of the density functions
nvolved.

In both cases, p is normally distributed with expectation p  and
ariance oi. We arbitrarily fix up = 100. With regards to ai however, we
ave to introduce as the second possibly significant parameter the relative
arzation of processing times s = op/pp. We introduce s because our lower
ound will presumably be sharper when processing times differ relatively
ittle, as will be obvious from section 2.3. Hence, we may expect problems
ith small s to be relatively easy for our algorithm.

In the case of non-correlated p and d, d is uniformly distributed with
xpectation Hy and varlance oi = A§/12, where Ad denotes the length of the
aterval on which fd(y) > 0.

We fix Hy by introducing as a third parameter the average tardiness
2ctor t = 1 - ud/(nup). The value of t roughly indicates the average
raction of jobs that will be late (cf.[1]). Problems with t = 1 or t = 0O
2nd to be easy: if all jobs are late, then ordering the jobs according to
n-decreasing pi/oci produces an optimal schedule, and if we find by
rdering the jobs according to non-decreasing di that no job is late, then
learly this schedule is optimal (Emmons [8] gives slightly stronger
:rsions of these theorems). Srinivasan [21] found problems where t is near
.65 to be most difficult.

Finally, Ad is fixed by the fourth parameter, the relative range of
ie=dates r = Ad/(nup). Intuitively, a large r increases the number of
-mes that Corollaries 1.1 and 2.1 can be applied, thereby speeding up
ymputations.

In the case of correlated p and d, gjp;p is again uniformly
and A

.stributed, with u specified analogously by t = 1 -

/(np)
d|p dlp alp’
d r = Adlp/(np). Specific values of s, t and r determine the value of

p,d). We have

1 -t
¢?1+1/s2)r2/12 + (1—t)2|’

p(p,d) =

s can be established by straightforward calculations.

Choosing for non-correlated or correlated p and d, and fixing s, t and
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, we can generate n triples (pi,di,ai) and test the three algorithms on

1e problem so generated. Each generated value is rounded off to the nearest
1teger, and if a negative di is generated, we reset di = 0, which implies
iding a constant to ci(t) and therefore does not influence the final

chedule.

.3. Computational results

e generated a set of L8 problems for n = 10 and for n = 15 and 24 problems
or n = 20. The four parameters, defined in section 3.2, were set at various
alues in order to detect their influence on the three algorithms, mentioned
n section 3.1. These algorithms were coded in ALGOL 60 and run on the
ontrol Data Cyber T3-28 computer of the SARA Computing Centre in Amsterdam.
e allowed Shwimer's and our algorithm five minutes to finish each problem;
exicographic enumeration was stopped after one minute.

The computational results can be found in Tables IT and III. As to the
easures of performance, we remark that the solution time in Table I is
easured in CPU-seconds, the number of nodes in Table III includes elimina-
ed potential descendant nodes, a median was calculated only if more than
alf of the problems finished in time, and a maximum only if all problems
inished in time.

The results are classified according to the value of the average
ardiness factor t, this factor having the major influence on the perfor-
lance of the algorithms. There is a significant difference between "easy"

roblems with t = 0.2 or t = 0.4 and "difficult" problems with t = 0.6 or
. = 0.8.

On the easy problems, lexicographic enumeration is rather successful
nd runs quickly through large numbers of nodes. Also Shwimer's algorithm
yerforms well, notably for n = 15 and t = 0.4. In fact, Shwimer tested
is method only on problems where t = (n-1)/2n, i.e. t = 0.47 for n = 15.
he new algorithm exhibits a satisfactory and steady behaviour. Both the
redian and maximum numbers of nodes examined by this method are signifi-
antly smaller than the numbers for the other two methods, so our lower

sound is indeed more effective in pruning the search tree. For these




roblems, however, it seems hardly worth-wile to spend much time on the
omputation of sophisticated lower bounds.

Turning to the difficult problems, we see that our algorithm is by far
uperior to the other algorithms. This is most clearly shown by the results
or the problems with 15 or 20 jobs. Of the latter set of twelve problems,
exlcographic enumeration and Shwimer's method do not finish any problem
t all; our algorithm succeeds in finishing seven of them. The measures of
erformance become completely worthless in this situation. It is of interest
> note, however, that the best solutions to unfinished problems, found by
ir algorithm, are better than Shwimer's. Our results seem to contradict
rinivasan's remark [21] that problems with t = 0.65 are the most difficult
1es; problems with t = 0.8 are clearly the most difficult here.

We will now discuss the influence of the remaining three parameters p,
and t on the performance of our algorithm.

As to the correlation p, no influence at all could be demonstrated.

The relative variation of processing times s has a significant influ-
ice for problems with 15 or 20 jobs, as demonstrated by the sign test
v < 0.02). For n = 20, eleven out of twelve problems with s = 0.05 were
-nished with a median solution time of 8 seconds, while only eight out of
relve problems with s = 0.25 were finished with a median of 150 seconds.
| the average, TO percent of the nodes were eliminated by the underesti-
wte LBr or by Elmaghraby's Lemma when s = 0.05, and only 40 percent when
= 0.25. Furthermore, the first schedule found by our algorithm, corre-
onding to the assignment in the root node, was at worst 1 percent from
e optimum when s = 0.05 and at worst 20 percent when s = 0.25. As
pected our lower bound depends heavily on s.

The relative range of due-dates r has a considerable influence. Prob-
ms with r = 0.95 are significantly easier than problems with r = 0.20.

Finally, we remark that both the computer programs and the test data

‘e obtainable form the authors.




25

TABLE II
SOLUTION TIME
number MEDIAN MAXIMUM
of

problems|New Alg. Shwimer |Lex.Enum.|New Alg. Shwimer | Lex.Enum.
0. 2l 0.08 0.02 0.02 0.26 0.11 0.0k
0. oL 0.57 0.77 1.35 3.32 L2 . 41 h7.92
0.2 12 0.02 0.0k 0.02 0.55 0.31 0.28
0.4 12 0.77 0.57 0.17 8.16 3.86 14.75
0.6 12 6.29 76.68 >60 121.82 | >300( 3x)| >60(10x%)
0.8 12 L5.61 >300 >60 85.56 | >300(12x)| >60(12x)
0.2 6 0.78 0.17 0.09 1.19 0.32 0.24
0.L 6 1.10 2.23 1.7k 20.31 10.19 21.6k
0.6 6 180.75 |>300 >60 >300(2x) | >300(6x) >60(6x)
0.8 6 >300 >300 >60 >300(3x) |>300(6x) | >60(6x)

TABLE III
NUMBER OF NODES
number MEDIAN MAXIMUM
of

problems |New Alg. | Shwimer |Lex.Enum.|New Alg. Shwimer | Lex.Enum.
0.2 2L 1 2 6 8 14 an
0.6 2l 56 132 3239 Ls56 12284 06328
0.2 12 1 1 1 28 69 572
0.4 12 Ll 86 305 541 586 36231
0.6 12 LT 13066 - 9564 - -
0.8 12 4532 - - 9952 - -
0.2 6 9 12 105 29 29 580
0.k 6 25 281 3564 1206 1130 5T6T1
0.6 6 11105 - - - - -
0.8 6 - - - - - -




CONCLUDING REMARKS

n view of our computational results, our main conclusion clearly has to be
hat the problem of minimizing total weighted tardiness remains a very dif-
icult one. A fortiori the same remark applies to the problem of minimizing
otal costs for a general cost function. Due to a lack of structure that is
ypical for complex combinatorial programming problems, some form of implicit
numeration still seems an obvious solution method. Our results indicate

hat even stronger elimination criteria and sharper lower bounds are needed

o cut down the size of the search tree.

The usefulness of elimination criteria is strongly underlined by our
xperiments. An easy extension of our algorithm would be to check all of
hem in every node again. Also it may be worth-wile to look for more elim-
nation criteria. We feel that we have thoroughly examined the possible
ffects of interchanging two jobs, but one may look into the effects of
oving three or more jobs at a time.

The idea of computing lower bounds by solving linear assignment prob-
ems whose coefficients cij underestimate the costs of putting job Ji in
osition j, can be applied to a broader set of problems, e.g. to the prob-
em of minimizing total costs in an m-machine flow shop where passing 1is
ot permitted (see [17]). In view of the lack of any algorithm in this area,
his seems an interesting object for future research.

For the one-machine problém this lower bound has turned out to be very
seful. It could be strengthened by considering only those solutions to the
ssignment problem that respect known precedence relations. It is difficult
o predict the effectiveness of this approach, since the resulting integer
rogramming problem seems rather complicated, and the precedence relations
re observed already in the computation of the present cost coefficients.

None the less, it seems necessary to develop a fundamentally stronger
ower bound. Especially, very sharp bounds should be used in the upper
evels of the search tree, where pruning may lead to large reductions in
he number of potentially optimal solutions. As we move down the tree,
runing leads to smaller reductions, and simpler lower bounds combined with
ore extensive enumeration become more attractive. This suggests the use

f lower bounds of varying computational complexity throughout the tree: a
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iding lower bound. We tried to apply this idea in our algorithm by using
xicographic enumeration in the seven deepest levels of the tree. This led

y a disappointingly small decrease in computation time, but the idea could

scome useful in the future.
In spite of all the work done so far, the problem of minimizing total

ysts in one-machine scheduling is likely to remain a challenge to research-

*s for a long time to come.
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LGOL 60 PROCEDURES

. New algorithm

INTEGER"™ "PROCEDURE" MSP SUMAKTK BA
N, P' Do A, ZSTARI XSTAR' NM, NF, NP' NCs NE, EL)[
VALUE" N,ZSTARy "INTEGER" N,ZSTAR,NN,NF,NP,NC,NE,FE
INTEGER™ "ARRAYMY P,D,A'XSTAR’
COMMENT" SCHEDULING N JOBS ON { MACHINE
# NONeDECREASING PROCESSING TIMES 3 PI1sN
* DUE DATES 3 DI11iN]
* WEIGHTS 3 A[1gN) .
MINIMIZING THE SUM OF THE WEIGHTED TARDIN
* UPPERBOUND t ZSTAR
®« MINIMUM 3 MSP SUMAKTK BB
# IF UPPERBOUND > MINIMUM THEN OPTIMAL SE
BY BRANCH=AND=BOUND
# NN IS8 THE NUMBER OF NODES IN THE SEARCH
NF NODES LEAD TO BRANCHING
NP NODES ARE ELIMINATED BY SOLVING AN A
NC NODES ARE ELIMINATED BY A DUAL UNDER
NE NODES ARE ELIMINATED BY ELMAGHRABY'S
« EL TIMES ELMAGHRABY!'S | EMMA IS APPLIEtD;
BEGIN" "INTEGER" I,J,H,K,10,J0,T,CIJ,UIl,MIN,UP,PI,
PAI,PBI; "BOOLEAN" CYCLE;}
WINTEGER® "ARRAY"™ ELM,X,Y,U;V,NA,NB,PA,PB,DIS,NEX
LAB,SUC,PREI0OSN) ,C,PRECI1IN,1EN]

® ¥» X =

"PROCEDURE" NEWSOL(Z)gp "VALUE" Zj; "INTEGER" 2y
"BEGIN" "INTEGER" Jj ZSTARi=z Iy

"FOR" Jgz { "STEP® | WUNTIL" N wDpOr XSTAR(J):=
"END" NEASOLj

"PROCEDURE"™ VEC IND QSORT(A, IND, LO, UP)3 "COCE"
YCOMMENT" VEC IND GSORT REARRANGES THE CONTENTS O
SUCH THAT A[INDILO)]) ,===,A[INDIUP]] HAVE ASCENDIN
USING ALGORITHM 402, COMM_ACM, 13,693(1970)1

"PROCEDURE" VEC2 @QSORT (A, IND, LO, UP); “CODE®
"COMMENT" VEC2 QSORT REARRANGES THE PAIRS 0OF NUMB
we=, (A[UP),IND(UP)) INTC ASCENDING ORDER OF THE F
USING THE SAME SORTING ALGORITHM AS VEC IND QSORT

3 XSTAR[13N)

ENT PROBLEM
TE

NAI,NBI,

¢

}
LO) ===, IND [UP]
Rl

]
{LO1,INDILOY),
EMBERS,




DURE"™ PRECEDENCE RELATIONS(N)3 "VALUE"™ Nj “INTEGER" Ny
(" WINTEGERY DPMAX,T; "BOOLEAN" "ARRAY" AFT,BEF[1iN])

JCEDURE" TRANS(J,K); "VALUE" J,x3 "INTEGER"™ J,Kj
IN® "INTEGER™ I,.L3

‘OR"™ l3=z PRE(0],PRE(I] "WHILE" I>0 "DO"

[F" I1zK | PRECI[K,Ils=] "THEN"

TOR" Lis J,PREC([J,L] "WHILE"™ L>»0 "DO"

[F" PREC(I,L)=0 "THEN"

JEGIN" PRECIL,1)1% =13 PREC(I,L)3= PRECII,I)j PRECII,I)3= L}
PAIL) stz T3z PA[LI=PII)y AFTIL13s DPMAX >3 T3
PB(Ils= T3z PB(I)+PI(L)}

wIfFw T > DLI] "THEN" CYCLEsa BEF(Ils=s "TRUE"
END"

2" TRANS3;

AXgs 03 Isz SUC(O0)j Tis PALIly CYCLE1= "FALSE"y
R" Ig= I, SUCI(I) "WHILE®" I»0 "DO"
GIN" BEF(I)g= "TRUE"; AFT([Ilss CYCLE; PBI1= D(I)+PI[I}}
IF" PBT > DPMAX "THEN"
BEGIN® DPMAXg= PBIy CYCLE1s DPMAX >3 T "END"
Du‘
R" Igz 0, 0 "WHILE" CYCLE "DO"
GINY CYCLEa= "FALSE")
FOR" I3z SUCILI) “WHILE™ I»0 "DO™ "IF"™ AFT(I) | BEF(I] PTHEN"
BEGIN" Alg= A(I)y DIts D(I]l; PAls= PA[I])
PRIgs PB(I13 "IF® PBI « DI "THEN" PBIi= DI}
HEOR" Jie LABI[I) "WwMILE"™ BEF(I) ®DO"
"BEGIN® BEF(I]s® ®"FALSE";
"EQR® Jiz PRE(J] "WHILE®™ J>»0 “pO"
wIF" PREC(I,J)®30 "THEN" YELSE"
onIF" A[J)>zAl & DI[J)<=PBI "THEN"
WBEGIN® TRANS(J,I1);
®1F" BEF (1) "THEN" P8l3a PBII) "ELSE"™ CYCLE$= "TRUE"™
ﬂENDN
"END"'
"FOR® Jg= 0 "WHILE® AFT[I] ®DO"
HBEGIN® AFT(I)im “FALSE"Yj
YFQR" Ji= SUCLJ] "WHILE®" J>»0 "DO"
wlF" PREC(I,J) =0 "THEN" ®ELSE"
wIF® WIF® D[J)>zPAl WTHEN® WTRUE" “ELSE"™ “IF® J>] "THEN"
WFALSE" "ELSE" A[J)<sAl & D(J)>=3DI & DIJI+P[J1>aPA]l "THEN"®
"BEGIN® TRANS(I,J)y PAlsz PA[I] "ENDW
"END¥
END"
D"

PRECEDENCE RELATIONS;




NODE(M,Q,LB,CS,LF,uU,V)}

.8,CS,LF,U,Vy "INTEGER" ™,Q,LB,CS,LF)
RAYY U,V

IGER"™ L,LEV,10,K,H3 L1z My

.F "STEP®™ wy "UNTIL" 1 "DO®

e ELMIH]
| » L "THEN" LFg= LF=) "ELSE"®
| <« @ "THEN" H 3= 0 WELSE"Y

L1z EL+ls LBi= LB=UIIlmy(L])y
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p= 13 "IFY J > 0 "THEN" X[J)s=z 03 YILI)

T01Vy SUCIJ)e= Kg= SUCII)s PREIKII= Jy
WFOR" Jgs PRECI[I,J) ®WMILE" J>0 "OOQO"
2(11s Lie L=i) LFi3 H=l

"THENY

WSOl (CS)3 NEsm NE+{ "END® ®ELSE"
NTEGER® ®"ARRAY™ |AST,LBR([=Li=1)}

13 LBs= ZSTAR=LB; 1082 13 PIi= 0

g SUCI0),SUC(I) "WHILE® 1I>0 "DO"

BIs= PB[Ils Alg= A(I)jy NBIst= JOss NBI(
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Jga SUCI[J) "wWHILE"™ J»0 "DO® ®wIF" PRECI
n NBIgz NBI+ijy PBlsz PBI+PI[J))

NBIJgs CIlJszs "IFw PBI » 0 "THEN" AIxPB
g CI1JoVINBIly "IFY CIJ < MIN "THEN"
IN® MINgs CIJs JOg= NBI MEND"

vBls=s NBI+i "STEP®" | WUNTIL" L "DO"
{I,NBI)="1Q “THEN" NBIt= L "ELSE"™ CIlI,
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ullols= Ul "IF" H > 0 "THEN®
WBEGIN® LB3= LBeHy "IF® |8 <= 0 "THEN" "GOTO" QUT "END"y
WIF" UI > MIN "THEN"
"BEGIN" Y([IO0)s= JOoj; X(JO)s= IOy "GOTO" NEXTI "END"g
"FOR" Jgz NBI=j "STEP"™ «] WUNTIL" 1},
NAI+y "STEP"™ { "UNTIL" | "DOY
WBEGIN® DIS(J) = "9y NEXT[JJs= J "END";
UPes L3
WEOR" Tsz X[JO),XINEXT(JO)] "wHILE" I>0 8 MIN®*zrg wpQ"
"BEGIN" NEXT([JO)i= NEXTIUP)s UPg=z UP=ij) Hiz ULI)=MIN; MINg= "8y
WFOR" Kg= | "STEP® | WyNTIL"™ UP "DO"
WBEGIN" Ji= NEXTIK]jy ClJis C(I,JleH=V(J]; DIs= DISLJ]
HIF" CIJ < DI MTHEN™
"BEGIN" DISIJ)s= DIsm CIJp LABLJIi= I "END"3
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MINg= "IF" X([J)=0 "THENY" DIm)} YELSE" DI
REND"
HEND”
"END"y
MINg=s MIN#{=eUIjy "IF" MIN » 0 "THEN"
"BEGIN" LBis LB=MINg "IF" LB <z 0 "THEN" "GOTO" QUT;
Plgs PIeMINj
WEOR"™ Jss § "STEP"™ | M“UNTIL® L "DO"
WBEGIN® Mgz DISIJ)I=UIp "IF" MIN g H "THEN" Hgzs MIN;
VIJl g3 VIJI+4Hy Itz X[J)y "IF® I » 0 “THEN" U(Ils= UlIl)=H
"END”
"ENDM}
WFOR® Jg= NEXT{JO},JO0 "wWHILE®" J»0 "DO"
"BEGIN® X({JJg= Ise LAB[J)y JOss YI[Ilp Y(Ila= J YMEND"p
IXT1s
ND" 3
1z Ry Isg= X[L)j CIJis ZSTAR=CS=CI(I,L]}
TOR" Jge Lwl "STEP® =y MUNTIL®™ 2 "DOY
JEGINY Tga TaP([Ily I3 XI[J)jp Hgz TeD{I]j; "IF® W > 0 "THEN®
"BEGIN® CIJi= CIJ=A[l]lxHy
wiF" CIJ €3 0 "THEN" "GOTO" BRANCH
"ENDN
INDMy
INSOL(ZSTAR=CIJ)}
3gz LBeCIJy "IF" LB <= 0 "THEN" "GOTO" OUT;

NCHy NFge NFely LBg= LBev(L1g LEVIZ 0)
FOR" 10g= PRE[0),PRE(I0) "AMILE® 10>0 "DO" "IF" NA[IQl®0 "THEN"®
JEGIN® NNtz NN+iy CIJs= LR=CIO,L)+UlI0)) "IF"™ CIJ > O "THEN®
WBEGIN® LEVyz LEVmly LAST{LEVIg= 10; LBRILEV)t3 ZSTAR~CIJ "END®
END"j
IF* LEVS0 "THEN" "GOTO" OUT,
EC2 GSORT(LBR,LAST,LEV,=1)) LBis L=y
FOR" LEVym LEV "STEP" | WUNTIL" «f "DO"
IF® LBRILEV] >»= 2STAR WTHEN® LEVis 0 "ELSE"
BEGIN® 133 101z LAST(LEV)y Jis Y(I0)p “"IF" J < L WTHEN®
WBEGIN® Y(X(L11t=® 05 X(LIss JOp Y(IOlam Ly
WIEM J > 0 "THENM X[J)g3 0
WEND"
WFORM 1g= PREC(10,1) "WHILE" 1>0 "nO" NA(I)i® NA[Ilel)
Hys PRE(101) SUCIW)g= wgm SUCILIO)) PRE(K]1a My
NODE (LB, uwP [10],LBRILEV),C8+C(I0,L),LF,U,V)}
It 10y "FORY [§3 PREC([10,1) "WHILE" I>0 "DO"™ NA[Il3s NALLI+1}
SUC(H) 38 PRE(K)1t1a 10
ENDY
Dll’
”FORH L'. L*l IlsTtpu l IIUNTIL!I » ﬂooll
GIN" Iym X[L)j SUCIPRE[I)1ga PRE(SUCII])1a Jim Iy
FORY Jis PRECII,J) "wnILE" J»0 "DO™ NA[J)is NALJ)+4
pn
NODE g




§ NFgs NPg= NEgs UP
Igs | "STEPM | MUNT
"ELMIIYs= Iy NAILI)
D QSORT(D,ELM,1,N);
Jig N "STEP" =1 HUN
" Itz ELMLJI "IFY

IN" Tgm TeP[I)j XST

eNj "IF" N=0 "THEN™
" NEg=z 1j ZSTARg= 0
" DIz "10y

" I3z H "STEP" wf ¥
IN" PBLI)ga PIg=s P{
F" PI « DI "THEN® ®
ClIlg= UPy PRE([UP]g
BlIlsgs "IF" PRE{JO)
OR" Js=z | "STEP" |

ECII,1)1= =2

u,

0)gs UPjy PREI(UP) 1=

EDENCE RELATIONS(H)
z 05

" Ig8s SUCI(0),SUCII)
INY NBIt=2 {3 NAIge

OR* Js=m SUCILJ) "WHI
FM" PREC(I,Jl==y "TH
EGINY C(I,NwNAl)=

FP PREC(I,JI> 0 *TH
EGIN® C(I,NBIlgs n|
{I1ga NBIjp NAL[I)sm

[(I)s= PBl3s PBI[I)=D
EGIN® PB(I)g= 03 DI
u,

" 103 N "STEP" =

INY DIgs VIIO)ss 03
DR" Kgs 10 "STEP" =
EGIN" Jss ELM(K)j ®
"BEGIN® DIgz D([J)

ND"y

g ELMIH] ) ELM([H] =

IR Jg= PRECI(I,J) ¥

(Ns T,CIJ,CIJsN,U,V)

NeNPeNE§ NP3s NP=aNF
MAKTK BBss Z8TAR
°> SUMAKTK BB}

03 Hys Ny
llDQ"
Tegz T+P(I] "E

I!DOH
T "THEN" Ji=
z NA(I)i= I

"ELSE"

1 !IDOIQ "IF!I
(133 Ty

DIt= PIy JOt

Iy
ENH I "ELSE"
" H "DO“ PREC

u I>0 npgn

) #pOov

Alse NAT¢y “E
12 NBIsg "END
NAT}
[I,NBI)3= 0}
(I1+PBI; CIJs
14 WpOn

[Ln i npon
Jlm0 & DILJI>»D
1END"

'y ELMLI0)sz
J>0 "DOM ULJ

SE"
{ "END"

0 "THEN"

END"y

= 03

LSE"

BI » 0 "THEN®

A1l xPB1 “END"®

NW

2 Jis Iy Y(Ilz= 103
Jlwy




ner's algorithm

" WPROCEDURE" MSP SUMAKTK BB SHWIMER

Je Ay ISTAR, XSTAR, NN, NA, NB, NC, EL)3

N,ZSTARj "INTEGER" N,ZSTAR,NN,NA,NB,NC,EL}

3® MARRAYY P,D,A;XSTAR;

Tn SCHEDULING N JOBS ON | MACHINE
% NON=DECREASING PROCESSING TIMES 3 P[1sN]
x DUE DATES 3 DILl18N]
x WEIGHTS 1 A[13gN)
MINIMIZING THE SUM OF THE WEIGHTED TARDINESSES
# UPPERBOUND & ZSTAR
&« MINIMUM § MSP SUMAKTK BB
% IF UPPERBOUND » MINIMUM THEN OPTIMAL "SEQUENCE
BY A BRANCH=AND=BOUND ALGORITHM QF J,SHWIMER,
MANAGEMENT SCI,18,B301%313(1972)
% NN IS THE NUMBER OF NODES IN THE SEARCH TREE
« NA NODES ARE ELIMINATED BY A LOWER BOUND CALC!
% NB NODES LEAD TO BRANCHING
« NC NODES PRODUCE A BETTER SOLUTION
# EL TIMES ELMAGHRABY!'S LEMMA IS APPLIED;

"INTEGER"™ I,JIHIKIIllplﬁTIAI!MAXH'MAXTILMAXOIMA‘l:
1,42,Q,01,J13
GER"™ WARRAY" X,LATE,NOTLAST({gN],SUC,PRE[01N],PREC

EDURE" NEWSOL(Z)j; "VALUE"™ Z3 "INTEGER" Z3

N® "INTEGER" J3 ISTAR= 1}

Re Jgz { "STEP® | WUNTIL® N npOr XSTARI[J) i3 X([J)
NEWSOL 3

EDURE"™ VEC IND QSORT(A, IND, LO, UP); "CODE" 11021
EDURE™ VECZ2 @SORT(A, IND, LO, UP)3 "CODE" 11024
ENT" SEE PROCEDURE MSP SUMAKTK BB}

GER® WPROCEDURE" LOWERBOUND SHWIMER(Q)j
E* Q3 "INTEGER" Qj
NP NN3s NN+l
MAXHgz 03 CIlJga Afge "15j5 IMAXgm SUCTO0))
R¥ T¢s IMAX,SUCCI] "WHILE® [»0 ®»DO"
GIN® Tge TeP(1)s LATE(I)3m TeDI[1)}
Isz AL}y "IF" ALl < Ay "THEN" ]
BEGIN® A23m A{y Alg3 Al; IMINga I MEND" "ELSE"
1F® Al « A2 MTHEN" A2z Al
D*g
IR® g8 IMAX,SUCLI] “WHILE"™ I»0 “DO"
GIN® HIFW TsIMAX WTHENY
'BEGIN® Jg= Ij5 LMAX32 0y
“FOR" Jgs SUC([J) "wWHILE" J»0 "DOV
nign LATELJ] > LMAX VTHEN"
"BEGIN® LMAXg=s LATE[J)j I4AaXp= J "END"
|END”,
1AXTsB8 LMAXeP(I)1j Ti= QWeD(I)g
1AXTss (WIF" T<m0 "THEN® 0 WELSE" AlT)=T) +
(PIF" MAXT>MAXM "THEN" MAXT "ELSE" MAXH) =
("IF" laIMIN "THEN" A2 "ELSE" A1)y
TIF" MAXT < CIJ "THEN" CIJis MAXT)
'IFM LATELL] > MAXH "THEN" MAXHiz LATE(I]
D"y
{ERBOUND SHWIMER 38 CI1J
' LOWNERBOUND SHWIMER}




U

"PROCEDURE™ NODE(M,Q,2)
"VALUE" M,Q,23 "INTEGER® M,03,2;
"BEGIN® "INTEGER® L,L1,LEV,I0,K,H}
NBsz NBe¢lp Li= Mp li= PREL0)}
"FOR" Ige I "WHILE® ®IFv" Is0 "THEN" ®FALSE" WELSEY DII I "poH
"BEGIN® XI[L)t= I; EL3= EL+yy Li® Lely Qt= QmP[I);
PRE(0):= 3= PRE([I}; SUCI(I)s= O
RENDUp
HIFH L <5 1 "THEN"
HBEGIN" HIFN L:l "THENI!
"BEGIN® X[1lg=s Ig= SUCIO0); Zsm Z+A[Ilx(QuD(I)) “END"
"IFM" Z < ZSTAR "THEN®
"BEGIN® NEWSOL(Z)j NCs= NC+) "END"
HENDI "ELSEN
“BEGIN® WINTEGER"™ ®"ARRAY" LAST,LBl=Liw});
LEVs= 0
"FOR" 103= PRE(0],PRE[IO) "WHILE®™ 10 > 0 "DOQ"
WIF® NOTLAST[IO) < NB "THEN"
"BEGIN" Ig= I0j; “FOR" Isa PREC(IO,1) "WHILE" I»0 "DC
NOTLASTI[I)t= NB
PEND" g
REQR® 10g= PRE(O),H "WHILE" I0 > 0 "pO"
UBEGIN®" Mgz PRE[IO)s"IF" NOTLASTIIO] < NB "THEN®
"BEGIN® SUC(H)g= Kgz SUCILIO]; PRE(K]g=s Hy
Tez LOWERBOUND SHWIMER(Q=P(LIO0))+Z+A(I01%(Q=D(I0));
"IF" T <« ZSTAR MTHWEN®
"BEGIN® LEVsi® LEVeiy LASTILEVIg= I0j LBILEVIt= T ¥
SUCIH) g= PREI(K)s= I0
HEND®
"ENDYg
“IF®" LEV < 0 "THEN¥
"BEGIN® Lits L=iy
VEC2 QSORT(LB,LAST,LEY,=1);
"FOR" LEVg= LEV "STEP" | M"UNTIL" =1 "DO"
nIFY LBILEV) >z ZSTAR WTHEN" LEVi= 0 "ELSE"
"BEGIN® IOt= XI[Llg= LASTILEV]
Hi® PRE(IO]y SUC([H)sa Kg= SUCLIOl; PRE(K) 1= Hy
NODE(L1,0=P[I0),Z+A[I0)=(Q=D[I0)))}
SUC(H) t= PRE([X]g= 10 .
NENDN
"END"
"END"y :
"FOR" Lg= L+l "STEP" { M"UNTIL"™ M "pO©
"BEGIN" Ig= X([L)jy SUC(PRE(I))t= PREISUCI(I))s= I “END"
"END" NODE}

NNg=z 13 NBy= NCi= ELge Qi= Ji= CIJs=s 03

"FOR™ Igz | ®"STEP" { WPUNTIL" N "pO“

"BEGIN® X([Ilgse I; SUC[Ilg= "8aD[I)=A[I) “END";

VEC IND QSORT(SUC,X;1,N)}

"FOR" Kg= | "STEP"™ 1 M“UNTIL" N "DOM

"BEGIN® Ig= XI[K)g PRE(I)is Jr SUCI(J)e= Ji= Iy Q3= Q+P[])
Hie QwD(I)g "IF" W > 0 "THEN" ClJiz CIJ+A[I)%H
Algz A[K)jy PIt=s PIK)jp DItz DIK)jy Ili= Ky
"FOR" Mim Kel "STEP" ={ "UNTIL® | ®DO"
WIF® A[H]>=Al "THEN" LATE(Ii)z= Iig= Hy
LATE(I1)1= 03 Ils= Jigs K3
HFOR" Jig= LATE(JY)"WHILE" J1»0 "DO"
"IF" DIJ1)<=DI "THEN" PRECIK,I11ts Itttz Ji
PREC(K,11)s= NOTLAST(I)s= 0

"END",

SUCIIls= 03 PREI[O)i= I

"IF" CIJ < ZSTAR "THEN" NEWSOL(CIJ)};

NODE(N,Q,0)%

NAg= NNeNBj NBg= NB=NC;

MSP SUMAKTK RR SHWIMER 3= ZSTAR

ND" MSP SUMAKTK BB SHWIMER;




exicographic enumeration algorithm

IGER" "PROCEDURE" MSP SUMAKTK LFX
yD,A'ZSTAR,XSTAR,NA;NB'NC’EL)’ "VALUE" N,ZSTAR,
‘GER" N,ZSTAR,NA,NB,NC,EL) "INTEGER" "ARRAY" P,D,A,XSTAR}
AENT" SCHEDULING N JOBS ON | MACHINE

x# PROCESSING TIMES: PIl13sN)

* DUE=DATES: D(1iN)

* WEIGHTSs A[1gN)

MINIMIZING THE SUM OF WEIGHTED TARDINESSES

* UPPERBOUND§ ZSTAR

» MINIMUM3 MSP SUMAKTK LEX

* IF UPPERBOUND >» MINIMUM THEN OPTIMAL SEQUENCEs XSTARI[1:

BY BOUNDED LEXICOGRAPHIC ENUMERATION :

* MA NODES ARE ELIMINATED

* NB NODES LEAD TO BRANCHING

* NC NODES PRODUCE A BETTER SOLUTION

# EL TIMES ELMAGHRABY'S LEMMA IS APPLIED:
[N" SINTEGER" @, My *INTEGER® MARRAY"™ X [{$N];

ROCEDURE" VEC IND QSORT(A, IND, LO, UP)j; "CODE" 110247
JMMENT® SEE PROCEDURE MSP SJMAKTK BB

ROCEDURE® NODE(M,Q,2)3 "VALUE" M,Q,Zy "INTEGER" M,Q,Z)
EGIN® "INTEGER" K, L, XMy
“FOR" Hge M HSTEP" =1 "UNTIL" i "DO"
"BEGIN® XMgm X([M))
WIFY D[XM] < Q@ WTHEN" Hz= 0 "ELSE"
"BEGIN® ElLgs EL ¢+ 13}
Mge M = 13 Q12 Q = P[XM]
KENDH
”END"}
WIFM M 3 0 "THENY
"BEGIN® NCsz NC + 13
I8TAR3s 23
"EOR® HWgs N "STEP®" ={ “UNTIL" { "DO" XSTAR([Hls3 XI[H]
"ENDY "ELSEY
"BEGIN" NBgs NB + 1
Lis M = 1y
HroRN K:ﬂ M I|STEPH ,1 ”UNTXLH 1 UDO!I
PREGIN® X([M)3z Hgs X[K)jp X[Klgz XMy XMg= Hy
Hsas Z + A[XM] » (@ « D[XM]))
IF" H < ZSTAR "THEN" NODE(L,Q » P(XM),H) "ELSE" NA3® NA +
WENDW
"FOR® Kg= |, "STEP" =f WUNTIL®™ { "DO" X([K + 1)t= X[K]lp X[i)y®=
"END"
NDY g

¢z NBtz NC¢=z ELi= Q= 0y

OR" Hgs N "STEP" =1 "UNTIL" 1 "DO"
EGIN" X([H]lt=s H3

Qs Q + P([H]

ND"y

C IND QSORT(D,Xs1eN)3s

Fn ZSTAR » 0 "THEN" NODE(N,Q,0);

P SUMAKTK LEXg= ZSTAR

" MSP SUMAKTK LEX;







